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ABSTRACT
The aim of the paper is to simulate numerically the Fluid-Structure Interaction for flow through valves of a hermetic
compressor using immersed boundary method. The paper is primarily concerned with the mathematical structure
and implementation of the Immersed Boundary Method which includes both the Immersed Boundary form of the
equations of motion and also the Immersed Boundary numerical Scheme. The flow pattern of the fluid in the
compressor is intimately connected with the performance of the valves, and this paper presents a solution of the
Navier-Stokes equations in 2D of a Newtonian fluid under laminar regime, in the presence of moving immersed
boundaries, being the fluid treated as isothermal.
The immersed boundary method has evolved into a generally useful method for problems of Fluid-structure
interaction. In this approach, the mathematical formulation employs a mixture of Eulerian and Lagrangian variables,
the fluid is represented in a Eulerian co-ordinate frame and the structures or the interacting surfaces are considered
in a Lagrangian co-ordinate frame. The two types of variables are linked by interaction equations that involve a
smoothed approximation to the Dirac delta function, constructed according to the principles established in [1], which
plays a prominent role. In the numerical scheme motivated by the Immersed Boundary formulation, the Eulerian
variables are defined on a fixed Cartesian frame, and the Lagrangian variables are defined on a curvilinear mesh that
moves freely through the fixed Cartesian mesh without being constrained to adapt to it in any way at all.
Eulerian/Lagrangian identities govern the transfer of data from one mesh to another. A structured non-uniform
staggered grid based two dimensional finite volume model is used to solve the equations of the fluid flow in laminar
regime and a second-order Adams Bashforth-Crank Nicholson scheme is used for temporal discretization and preconditioned Bi-conjugate gradient stabilized method is used to solve the derived system of equations. The numerical
results presented show the average volumetric flow and the respective temporal valve displacements for different
Laminar Reynolds numbers.

1. INTRODUCTION
Many problems of interest in fluid mechanics involve the dynamic interaction of a viscous incompressible fluid and
an elastic or viscoelastic structure. There are two main approaches to simulate fluid structure interactions, the fixed
mesh method and the moving mesh method incorporating Arbitrary Lagrangian Eulerian. The moving mesh
methods are not easy to implement for complex geometries, since they cause numerical instabilities in large
deformations due to mesh deformations and are computationally intense. The fixed mesh methods are more stable
and computationally less demanding, yet due to its novelty, these methods have not been widely used in practical
engineering problems. One of the recent applications is to be found in bio-fluid mechanics, [2-6] where the
immersed boundary method was used to simulate behavior of a heart valve. Due to the similarity with the present
problem, this approach has been employed in the present study.
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The term “immersed boundary method” was first used in reference to a method developed by Peskin to simulate
cardiac mechanics and associated blood flow. The distinguishing feature of this method was that the entire
simulation was carried out on a Cartesian grid, which did not conform to the geometry of the heart, and a novel
procedure was formulated for imposing the effect of the immersed boundary (IB) on the flow. Since Peskin
introduced this method, numerous modifications and refinements have been proposed and a number of variants of
this approach now exist. In addition, there is another class of methods, usually referred to as “Cartesian grid
methods,” which were originally developed for simulating inviscid flows with complex embedded solid boundaries
on Cartesian grids [7-9]. These methods have been extended to simulate unsteady viscous flows [10, 11] and thus
have capabilities similar to those of IB methods. In this paper, it is being used the term immersed boundary (IB)
method to encompass all such methods that simulate viscous flows with immersed (or embedded) boundaries on
grids that do not conform to the shape of these boundaries. Furthermore, the present work focuses on IB methods for
flows with immersed solid boundaries.
The conventional approach for a simulation of flow past a solid body would be to employ structured or unstructured
grids that conform to the body. Generating these grids proceeds in two sequential steps. First, a surface grid covering
the boundaries  is generated. This is then used as a boundary condition to generate a grid in the volume 
occupied by the fluid. If a finite-difference method is employed on a structured grid, then the differential form of the
governing equations is transformed to a curvilinear coordinate system aligned with the grid lines [12]. Because the
grid conforms to the surface of the body, the transformed equations can then be discretized in the computational
domain with relative ease. If a finite-volume technique is employed, then the integral form of the governing
equations is discretized and the geometrical information regarding the grid is incorporated directly into the
discretization. If an unstructured grid is employed, then either a finite-volume or a finite-element methodology can
be used. Both approaches incorporate the local cell geometry into the discretization and do not resort to grid
transformations.
If the flow past a solid body is to be simulated by employing a non-body conformal Cartesian grid, then, in this
approach the IB would still be represented through a surface grid, but the Cartesian volume grid would be generated
with no regard to this surface grid. Thus, the solid boundary would cut through this Cartesian volume grid. Because
the grid does not conform to the solid boundary, incorporating the boundary conditions would require modifying the
equations in the vicinity of the boundary. Precisely what these modifications are is the subject of a detailed
discussion in subsequent sections.
The primary advantage of the IB method is associated with the fact that the task of grid generation is greatly
simplified. Generating body-conformal structured or unstructured grid is usually very cumbersome. The objective is
to construct a grid that provides adequate local resolution with the minimum number of total grid points. The
advantage of the Cartesian grid–based IB method also becomes eminently clear for flows with moving boundaries.
Simulating such flows on body-conformal grids requires generating a new grid at each time step as well as a
procedure to project the solution onto this new grid [13]. Both of these steps can negatively impact the simplicity,
accuracy, robustness, and computational cost of the solution procedure, especially in cases involving large motions.
In contrast, including body motion in IB methods is relatively simple due to the use of a stationary, nondeforming
Cartesian grid. Thus, due to its inherent simplicity, the IB method represents an extremely attractive alternative for
such flows.
Conventional methods proceed by developing a discretization of the governing equations on a body-conformal grid
where the boundary condition immersed boundary  is enforced directly. In an IB method, the governing equations
would be discretized on a nonbody conformal Cartesian grid and the boundary condition would be imposed
indirectly through modification. In general, the modification takes the form of a source term (or forcing function) in
the governing equations that reproduce the effect of boundary. Introduction of a forcing function, the precise nature
of which will be discussed in the following sections, into the governing equations can be implemented in two
different ways and this leads to a fundamental dichotomy in IB methods. In the first approach, which is being termed
term “continuous forcing approach,” the forcing is incorporated into the continuous equations before discretization,
whereas in the second approach, which can be termed the “discrete forcing approach,” the forcing is introduced after
the equations are discretized. An attractive feature of the continuous forcing approach is that it is formulated
independent of the underlying spatial discretization. On the other hand, the discrete forcing approach very much
depends on the discretization method. However, this allows direct control over the numerical accuracy, stability, and
discrete conservation properties of the solver. In the following sections we describe methods that fall into each of
these categories. In the present work, continuous forcing approach is used for the simulation of the valve plate.
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The immersed boundary method has turned out to be a practical and efficient way to simulate fluid-structure
interaction in the incompressible case. It has been applied successfully to a wide range of problems, particularly, in
computational biofluid mechanics: blood flow in the human heart [14–21], the design of prosthetic cardiac valves
[22], aquatic animal locomotion [23–25], wave propagation in the cochlea [26, 27], platelet aggregation during
blood clotting [26, 28], flow of suspensions [29, 30], valve less pumping [31], flow in a collapsible tube [32], flow
and transport in a renal arteriole [33], cell and tissue deformation under shear flow [34–36]. In the immersed
boundary formulation of such problems, the configuration of the elastic structure is described by Lagrangian
variables (i.e., variables indexed by a coordinate system attached to the elastic structure), whereas the momentum,
velocity, and incompressibility of the coupled fluid-structure system are described by Eulerian variables (i.e.,in
reference to fixed physical coordinates). In the continuous equations of motion, these two descriptions are connected
by making use of the Dirac delta function, whereas a smoothed approximation to the delta function is used to link
the Lagrangian and Eulerian descriptions when the continuous equations are discretely approximated for computer
simulation.
A formally second order accurate version of the immersed boundary method was introduced in the Ph.D. thesis of
Lai [37, 38] prior to this work, computations performed with the immersed boundary method typically employed a
variety of genuinely first order accurate schemes. The second order accuracy of the method of Lai and Peskin [39] is
formal in the sense that second order convergence rates are expected only for problems where the true solution is
sufficiently smooth. However, the rate of convergence of the immersed boundary method has almost always been
assessed in situations where the true solutions do not possess enough regularity for the formal convergence rate to be
attained. In the present work, a second order accurate version of the immersed boundary method is implemented.
The remainder of the present paper begins with a presentation of the immersed boundary formulation of the
continuous fluid-structure interaction equations in Section 2. Second order accurate spatial and temporal
discretizations of the continuous equations are then described. In section 3.1 the code developed is validated via
simulating 2D channel in laminar regime. In section 3.2 the results for the temporal valve displacement and average
volumetric flow at the valve inlet are presented as a function of Reynolds number.

2. NUMERICAL METHOD
2.1 Physical Domain.
The physical and computational domain considered in this problem is represented in figure 1. The computational
domain consists of a two-dimensional channel with the valve plate attached to the valve inlet, at the center of the
channel, of length L and height H, of diameter d, placed in a uniform free stream inlet flow. No slip Boundary
conditions are considered at the walls and the no-slip boundary condition on the valve plate is imposed by the
immersed boundary formulation as discussed in the section 2.2.

Figure 1: Physical Domain of the Valve.
The real valve plate material properties are considered in this paper, valve plate material is steel "UDDEHOLM
grade UHB 20 C", being its properties: Young's Modulus: 205000 MPa. Density: 7800 kg/m3.
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2.2 Fluid-Structure Interaction Equations.
The immersed boundary method used in this problem considers an Eulerian description of the system as a whole
(Fluid and Immersed Boundary) and it is supplemented by a Lagrangian description of the valve plate. The
independent Eulerian variables are the Cartesian coordinates x = (x, y) and the time t, and the independent
Lagrangian variables are the curvilinear material coordinate s and the time t. The dependent Eulerian variables are
the velocity u(x, t), the pressure p(x, t), the density  (x, t), and the Eulerian force density f(x, t). The dependent
Lagrangian variables are the position of immersed boundary (the thin plate valve in the present case) X(s, t), the
Lagrangian force density F(s, t), and the valve velocity U(s, t). With this notation, the equations of motion of the
fluid and valve system in two-dimensional Immersed boundary method framework can be described by the
following equations.
Momentum equation.

 u

 u.u   p   2u  f
 t


Continuity equation.



(1)

.u  0

(2)

Force density term in Eulerian coordinates.

f ( x, t )   F (s, t ) ( x  X (s, t ))ds

(3)

 ( x, t )  o   M  ( x  X (s, t ))ds

(4)

U ( s, t )   u( x, t ) ( x  X (s, t ))dx

(5)

X
( s, t )  U ( s, t )
t

(6)



Density in Eulerian coordinates


Velocity in Lagrangian coordinates


Valve plate equation of motion.

Valve plate tension according by Hooke’s law..

 X

T  ks 
 1
 s


(7)

X
ˆ  s
X
s

(8)

Unit tangent vector.

Force density in Lagrangian coordinates.

F ( s, t )  Fs ( s, t ) 

Tˆ
2 X
 ks 2
s
s

(9)

Time discretization of the motion in Lagrangian coordinates.

Xnk 1  Xnk 1  tU kn1
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Where Ω is the Eulerian domain of the fluid and immersed boundary and  is the Lagragian domain of the
immersed boundary.  0 is the constant density of the fluid and  is the density of the fluid combined with
immersed boundary. M is the uniform Lagrangian mass density of the valve plate.
The function



(x) is the smoothed approximation of the Dirac delta function given by.

 ( x  X ( s, t )) 

y  ys
1 x  xs 1
(
) (
)
dx
dx dy
dy

(11)

Where the continuous function  is defined as:

1

2
 6 (5  3 r  3(1  r )  1), if 0.5  r  1.5


1

2
 (r )   (1  3r  1)
, if r  0.5

3

, otherwise
0






(12)

The Lagrangian force density F(s, t) consists of the stretching and compression force Fs (s, t) exerted by the fluid
onto the valve plate. T is the tension in the valve which is computed by Hook’s law (Eq. (7)). ˆ is the unit tangent
vector defined at each point of the valve. Ks is a valve stretching coefficient which is chosen in computation so that
the valve plate has almost no stretch.
Equations (1) and (2) are the incompressible Navier–Stokes equations with forcing terms (forces applied by the
valve plate on the fluid domain); Eq. (6) is the equation of motion of the valve, where U(s, t) is the velocity of the
valve and the time discretization of the motion is given by Eq.(10) The above two systems of partial differential
equations (Eq (1), (2) and (6)) are coupled through the three integral equations (3), (4) and (5).
The non-dimensional form of the momentum and continuity equations can be represented as:

u uu vu
p 1   2u  2u 


 


  fx
t x
y
x Re  x 2 y 2 

(13)

v uv vv
p 1   2 v  2 v 


 


  fy
t x
y
y Re  x 2 y 2 

(14)

u v
 0
x y
Where the Reynolds number is defined as

Re 

Ud


(15)

(16)

A second-order Adams Bashforth-Crank Nicholson scheme was used for temporal discretization and preconditioned Bi-conjugate gradient stabilized method is used to solve the derived system.
An adaptive non-uniform structured grid, having a size of (200x150), has been employed as shown in Fig (2). Finite
volume based MAC (Marker and Cell) [40] method with velocity and pressure coupling is applied using a predictorcorrector strategy, and considers the respective pressure correction factors in all the neighboring cells, which are
ignored in the original MAC method. In this method the momentum equations are solved by computing a
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provisional value of the velocity components for the next time step via using a predictor step, and thereby
calculating the pressure and velocity correction factors for achieving the incompressibility condition of mass
conservation.

Figure 2: Non-uniform structured grid used for the computation of the problem.

3. RESULTS AND DISCUSSION
3.1 Code validation.
The code developed is validated by simulating a channel flow for Re=100, using the physical virtual model to
calculate the force field [41] for the rigid boundary. The velocity profiles obtained for a fully developed flow
perfectly parabolic, as shown in figure 3. The different curves represent different profiles at several spatial steps
along the x axis. The final curve is as expected fully parabolic, which validates the code developed. Figure 3 is
plotted in non dimensional units.

Figure 3: Velocity distribution (U) along the channel height.
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3.2 Results.
Figure 4 presents the non dimensional temporal valve plate position for a set of valve central diameter Reynolds
numbers, the position presented is at the valve central axis.

Figure 4: Temporal displacements of the valve measured at the valve central axis.

Valve plate displacement..
(non dimensional)

It can clearly be seen that as Reynolds number increases, it takes a slightly longer time for the valve plate to achieve
a stable position, this is due to the fact that as Reynolds number increases, the valve plate fluctuation increases,
therefore it takes a longer time to reach a stable position. It is also to be noticed that, the higher the Reynolds
number, the higher is the final the valve plate displacement. Although as presented in figure 5, it does not exist
linearity between the Reynolds number and the valve plate non dimensional displacement, since the curve seems to
be tending to an asymptotic value as Reynolds number increases. This is what in reality can be expected, then as the
valve plate tilts, a bigger force is needed to increases tilt.
0,35
0,3
0,25
0,2
0,15
0

500

1000

1500

Reynolds number

Figure 5: Valve plate central axis displacement as a function of Reynolds number.
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Figure 6 presents the average non dimensional volumetric flow across the gap existing between the valve central
diameter and the valve plate, as a function the central position of the valve plate. Notice that as the valve plate
central position increases, the average volumetric flow increases as well.
Volumetric flow rate..
(non dimensional)

4,4
4,2
4
3,8
3,6
3,4
3,2
0,1

0,2

0,3

0,4

Valve displacement (non dimensional)

Figure 6: Volumetric flux across the valve as a function of the Reynolds number.

4. CONCLUSIONS






An adaptive non uniform structured grid has been for the first time, used for the simulation of a compressor
valve in connection with the immersed boundary method.
A second order accurate Adams Bashforth-Crank Nicholson time integration scheme has been used with the
immersed boundary method in modified MAC formulation. Essentially the method is a refinement of the first
order method of Lai and Peskin.
The immerse boundary method has been successfully applied for the compressor valve dynamic simulation
under laminar and incompressible flow conditions. The application of the method for turbulent and
compressible flow needs to be overcomed in the future. Confidence has been gathered into achieving this real
case in the future.
Immersed boundary method is found to be very effective in simulating the valve plate deformations and it is
computationally less intense than moving mesh methods.

NOMENCLATURE
d
f
fx
fy
F
H
ks
L
M
P
Re
t
T
u
U
x
X



 ( x)
Ω

Diameter of the valve inlet
Force Density in Eulerian domain
Force Density in x direction of Eulerian domain
Force Density in y direction of Eulerian domain
force density in Lagrangian Domain
Height of the physical domain
Valve plate Stretching Co-efficient
Length of the physical domain
Mass per unit area of the valve plate
Pressure
Reynolds number
Time
Tension
Velocity in Eulerian domain
Velocity in Lagrangian domain
Eulerian Co-ordiantes
Lagrangian Co-ordinates
Lagrangian domain
Dirac delta function
Eulerian domain

(Pa)
(Pa)
(Pa)
(Pa)
(Pa)
(kg/m2)
(Pa)
(sec)
(N)
(m/sec)
(m/sec)
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0


Viscosity
Density of the fluid and boundary

(Pa.sec)
(kg/m3)

Density of the Fluid

(kg/m3)

Unit tangent vector
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